An intriguing result presented by two of the present authors is that an anti de Sitter space can be derived from a conformal field theory by considering a flow equation. A natural expectation is that given a certain data on the boundary system, the associated geometry would be able to emerge from a flow, even beyond the conformal case. As a step along this line, we examine this scenario for non-relativistic systems with anisotropic scaling symmetries, such as Lifshitz field theories and Schrödinger invariant theories. In consequence we obtain a new hybrid geometry of Lifshitz and Schrödinger spacetimes as a general holographic geometry in this framework. We confirm that this geometry reduces to each of them by considering special non-relativistic models.
Introduction
One of the fascinating subjects in String Theory is a conjectured duality between a string (or gravity) theory on an anti de Sitter (AdS) space in d + 1 dimensions and a conformal field theory (CFT) in d dimensions. This is called the AdS/CFT correspondence [1] [2] [3] and it is recognized as a realization of the holographic principle [4, 5] . This correspondence has not been proven completely yet, but it is supported by a huge amount of circumstantial evidences and there is no contradiction so far.
The validity of the AdS/CFT correspondence has been well recognized nowadays, and it has opend up a new arena to consider applications of AdS/CFT to realistic systems in condensed matter physics (CMP) (often referred to as AdS/CMP). By following this approach, one can study the non-perturbative physics of gauge theories in a strongly-coupled region by using a weakly-coupled (semi-)classical gravity. Indeed, a lot of works have been carried out (For nice reviews, for example, see [6] [7] [8] [9] [10] [11] ).
One of the issues in the context of AdS/CMP is to consider how to realize non-relativistic (NR) systems beyond the usual, relativistic CFT. A key ingredient is an anisotropic scaling where t and x i are time and spatial coordinates, respectively. Here Z is called the dynamical critical exponent, which measures anisotropy of the system. In particular, the Z = 1 case corresponds to the relativistic dilatation. There are two famous examples of symmetry algebra including the anisotropic scaling (1.1), Schrödinger algebra [12] and Lifshitz algebra 1 .
The geometries that preserve these symmetries as isometries have been constructed in [18, 19] and [20] , respectively. These geometries have been proposed from the symmetry argument.
Then, with the standard dictionary (with some extension), the boundary theory is argued.
One of the subtle points is that the boundary behavior of these geometries are not so well defined. Namely, a part of the geometry shrinks as we approach the boundary. Then, the supergravity approximation may not be valid any more and the notion of the boundary would be subtle.
Based on this observation, our motivation here is to consider the inverse direction to the preceding works. That is, we would like to demonstrate that a gravity dual may emerge starting from a non-relativistic system with a scaling invariance. For this purpose, we will follow the method based on flow equations proposed by two of the present authors [22] 2 .
In fact, they have derived an anti de Sitter space from a CFT data by considering a flow equation. A natural expectation is that given a certain data on the boundary system, the associated geometry would be able to emerge from a flow, even beyond the conformal case.
This possibility would open up an intriguing research arena to be studied in relation to the holographic principle.
In this paper, we examine this expectation for non-relativistic systems with an anisotropic scaling symmetry, such as Lifshitz field theories and Schrödinger invariant theories. As a result we obtain a hybrid geometry of Schrödinger and Lifshitz spacetimes as a general holographic space by employing the associated two-point functions as the boundary data and generalizing the flow equation itself. This geometry contains both of them as special examples of non-relativistic models. Our results are summarized in Table 1 . Table 1 : Summary of the results in this paper. "LS", "R", "NR", "(C)PS" stand for "lightcone reversal symmetry", "relativistic", "non-relativistic", "(conformal) primary scalar", respectively. Z denotes the dynamical critical exponent.
The rest of this paper is organized as follows. Section 2 provides a brief review of gravity duals for non-relativistic systems, Schrödinger spacetimes and Lifshitz spacetimes.
In Section 3, we review how an AdS geometry emerges from a CFT data given at the boundary by employing a flow equation. In Section 4, 5, we apply the formulation to nonrelativistic CFTs, a Lifshitz-type scale invariant theory, respectively. Section 6 is devoted to conclusion and discussion. The Schrödinger algebra and the Lifshitz algebra are summarized in Appendix A, while a different flow equation is considered for the Lorentizan CFT in Appendix B. Transformation properties of the flowed field are given in Appendix C.
Gravity duals for non-relativistic systems
In this section, we shall give a brief review of gravity duals for non-relativistic systems, Schrödinger spacetimes and Lifshitz spacetimes.
Schrödinger spacetimes
In 2008, Son proposed a geometry [18] preserving the Schrödinger symmetry as the maximal symmetry 3 as a holographic dual of a non-relativistic system realized in a cold atom experiment. The metric is given by
where σ is a real constant parameter. This geometry can be considered as a one-parameter deformation of a (d + 2)-dimensional AdS space, which is regarded as a gravity dual of a
The Schrödinger algebra [12] is composed of a time translation, spatial translations, spatial rotations, Galilean boosts, a mass operator, a special conformal transformation and an anisotropic scaling as
where t and x i are time and spatial coordinates, respectively, and Z is the dynamical critical exponent. In the original Schrödinger algebra, the Z = 2 case is considered. In more general, one may consider an arbitrary value of Z , though the special conformal symmetry is broken except for Z = 2 or 1.
It is easy to see the invariance of the metric (2.1) under the Schrödinger symmetry (For the detail, see [18] ). In particular, the metric (2.1) is invariant under the scaling
The Schrödinger algebra can be embedded into a relativistic conformal algebra as a subalgebra. Hence the usual AdS metric is Schrödinger invariant, but this symmetry is not the maximal one. For the detail of the embedding, see Appendix A. 4 The τ coordinate describes a radial direction, not the Euclidean time.
Lifshitz spacetimes
The Lifshitz spacetime was proposed in [20] as a gravity dual for the Lifshitz fixed point realized in condensed matter systems. (For a comprehensive review of the Lifshitz holography, see [21] .) The metric of the gravity dual is given by 4) which is invariant under the rescaling
This is a bulk realization of the scaling symmetry included in the Lifshitz algebra. As described in Appendix A in detail, the Lifshitz algebra is composed of a time translation, spatial translations, spatial rotations and the anisotropic scaling (2.2) .
The metric (2.4) describes a d + 1-dimensional bulk geometry and the boundary theory has d − 1 spatial directions and a time direction.
3 Holographic geometry from a flowed conformal primary In Ref. [22, 23] , we proposed a mechanism for a holographic geometry to emerge from a boudary QFT coarse-grained by a flow equation. In this section, as a warmup, we demonstrate this mechanism concretely by using conformal field theories.
Euclidean case
In this subsection, we review the emergence of an AdS geometry from a generic Euclidean CFT via the flow equation approach [22] .
Consider a D-dimensional Euclidean CFT with a real scalar primary field O 0 (x) with conformal dimension ∆ O . By using the conformal symmetry of correlation functions, the 2-point function of the primary operator can be expressed as
where
Let us define a flowed field φ 0 (x; η) by a free flow equation as
where η is a positive number called a flow parameter, and the original field is recovered at the limit η → 0. 5 The formal solution of the flow equation is given by
This is a well-defined operator, since this can be rewritten as
is the Green function of the flow equation:
A virtue to coarse-grain operators by a flow equation is that the 2-point function of the flowed operator has no contact singularity. To see this, we compute the 2-point function of the flowed field φ 0 as
where we used (3.4) and ∂, ∂ ′ act on x 1 , x 2 , respectively:
. By using (3.1), we can rewrite this as
This quantity is a smooth function of x 2 12 and η + since this can be rewritten by using the Green function (3.5), which implies the absence of the contact singularity, as was claimed.
6 Let us denote this smooth function by F 0 (x 2 12 ; η + ). Then by using the scaling relation in (3.1) the function F 0 satisfies
5 Note here that we naively take ∂ 2 for the flow equation so as to realize a diffusion equation. This is the original choice employed in [22] [23] [24] [25] . Only for this purpose, however, there may be some possibilities to generalize this choice, as we will see later. 6 The explicit form was given in [22] .
Choosing Λ = 1/η 1 2 + we find
We introduce a normalized field denoted by σ 0 as 11) so that σ 0 (x; η) 2 = 1. The average is taken in the original D dimensional theory. This is well-defined due to the fact that the contact singularity is resolved. Using the normalized field we defineĝ
where R is a certain length scale, (z A ) = (x µ , τ ) with τ := η/α and α is fixed later.
Thanks to this normalization, g AB (z) becomes the information metric [22] , and thus can be regarded as a metric in the D + 1 dimensional holographic space, called the induced metric.
For simplicity, we take R = 1 hereafter.
The 2-point function of the normalized filed σ 0 becomes
where G 0 (u) := F 0 (u; 1)/F 0 (0; 1), and thus G 0 (0) = 1. Therefore the induced metric is evaluated as 15) and the other components vanish.
We can determine G ′ (0) by using the flow equation for the 2-point function of the normalized operator
which leads to
From this we find
Therefore, taking α = 1/(2D), we obtain the Euclidean AdS metric as
Thus, the flow approach generates an AdS space from a Euclidean CFT.
This result can be confirmed from symmetry argument. To see this let us consider the D dimensional conformal transformation of the normalized field:
Following [22] , we decompose this into isometries of the D + 1 dimensional AdS and the rest as
Then the conformal transformation of the induced metric is computed as
Since the 2-point correlation function is invariant under an arbitrary conformal transformation, δ conf g AB (z) = 0. On the other hand, by using (3.14) and (3.22) we find
where we set α · β := α µ β µ . This implies that the 2nd term in (3.24) vanishes. Therefore
Since this result means that the metric is invariant under the isometry of AdS (δ diff ,δ), which is a maximally symmetric space, the induced metric has to be an AdS one up to an overall constant. This is the desired result.
Lorentzian case
In this subsection we comment on the construction of a Lorentzian AdS geometry by a flow equation approach. To this end the first thing to do is to smear operators by a flow equation in the Lorentzian space. This should be done so as to preserve the causal structure at least in a certain amount. Although it is unclear whether such a smearing is possible by a diffusion-type differential equation, a natural candidate of a Lorentzian free flow equation may be given by which can be solved without any problems. 7 Then we rotate the result back to the Lorentzian space.
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Let us start the flow equation in the Euclidean space (3.2). For later purpose we introduce
The AdS/CFT correspondence in the Lorentzian space has a different aspect from the Euclidean case [27] [28] [29] . For example, see [30] for a careful study on the analytic continuation in this context. 8 This approach has a virtue that Lorentz invariance is manifest, but assumes a sufficient fall-off of a flowed operator at infinity, which is non-trivial for any operator in CFT. We instead present a different approach to this problem in appendix B.
The flowed field is expressed as
The 2-point function of the normalized field is given by
which leads to 32) and the others vanish. By using (3.18) and α = 1/(2D), this gives the Euclidean AdS metric containing a complex coordinate
By the analytic continuation x D = −ix 0 , the coordinates x + , x − become the light-cone ones
which converts the Euclidean AdS metric to the Lorentzian one with
the formally same expression.
Holographic geometry from flowed non-relativistic conformal primaries
In this section we will apply the flow equation approach (presented in section 3) to a non-relativistic conformal primary operator, and investigate induced geometry by a nonrelativistic flow equation.
General induced geometry
In this subsection we investigate a general holographic geometry for a generic non-relativistic CFT with a non-relativistic flow equation. To this end we start with a d-dimensional nonrelativistic CFT with a primary scalar field O( x, t) with a general dimension ∆ O . The non-relativistic conformal symmetry constrains the 2-point function of this operator as
For our argument, let us introduce an extra direction denoted by x − , in order to embed the d-dimensional non-relativistic symmetry into the D = d + 1 dimensional relativistic conformal symmetry, generated with
where a µ , ω µν , λ and b µ are parameters of translation, rotation, dilatation and special conformal transformation, respectively, and the D dimensional light-cone coordinate is given
The transformation law under the Schrödinger symmetry can be derived from the conformal transformation (4.2) for a scalar primary operator with dimension ∆ O ,
by keeping only the following components of the parameters, 4) and the other parameters are set to zero. Then the transformation law (4.2) reduces to
(4.5)
Here v i , µ , λ and b correspond to parameters of the Galilei transformation, mass operator, scale transformation and special conformal transformation, respectively. Note here that the x − coordinate does not appear on the right-hand sides. This means that the translation for the x − direction commutes with the other transformations, so that the associated generator i∂ − is identified with the mass operator. Notably, x + corresponds to the time direction in the non-relativistic system.
Thus a scalar primary operator O(x) with dimension ∆ O transforms as
and its 2-point function is given by
(4.7)
It is easy to see that (4.7) reduces to (4.1) when x − 12 → 0. We smear this non-relativistic conformal primary operator by a non-relativistic flow equation. A general non-relativistic free flow equation is
wherem is a real parameter of mass dimension one. This can be solved as
Let us study the transformation of the flowed operator under the non-relativistic conformal transformation.
where δ S is given by (4.6) and
Note that the flowed operator φ(x; η) transforms differently from O(x) under the Galilei transformation unlessm vanishes.
We move on to the 2-point function of the flowed operator, which is written as
where we used the same notation in the previous section. This function can be written as
From the Galilean invariance we find
This can be generally solved by
where F is an unknown function. The non-relativistic scale invariance requires 16) which constraints the function in such a way that
As a result the 2-point function is written as
Note that the contact singularity is resolved with a general parameterization.
By using this result the 2-point function of the normalized field becomes
where G(u, v) = F (u, v; 1)/F (0, 0; 1). Then the induced metric is computed as
. These functions are not independent, since the flow equation implies
From this we obtain
The induced line element is thus written as
We refer to this geometry as the Non-relativistic (NR) Hybrid geometry. In what follows, we apply this result to specific examples.
Non-relativistic flow of a conformal primary
A first application is to non-relativistic smearing of a conformal primary scalar operator in a general CFT considered in Section 3. In this case the induced geometry is more simplified than (4.25).
To see this let us smear the conformal primary scalar field O 0 (x) by the non-relativistic flow equation (4.8) and denote the smeared operator by φm(x; η). The relation between the relativistic flowed operator and the non-relativistic one is
Therefore the 2-point function of the flowed operator is 27) and that of the normalized field is
G(u, v) in Section 4.1 now reduces to G 0 (u) so that
for n ∈ Z ≥0 , k ∈ Z ≥1 . Then (4.24) reduces to
where D = d + 1. As a result the induced line element given by (4.25) reduces to
where we set τ = √ 2Dη. Note that the limitm → 0 reduces this geometry to the AdS one given in the previous section. This is a Schrödinger-type geometry with the vanishing critical exponent [19] .
Light-cone reversal symmetry with the relativistic flow
As another simple example, we consider a holographic geometry emerging from the nonrelativistic theory with the light-cone reversal symmetry (x ± → −x ± ) generated by the relativistic flow (m = 0). This implies that the 2-point function of the normalized field given by (4.19) is invariant under x ± 12 → −x ± 12 , so that we can write G(u, v) = G(u, v 2 ) with an unknown function G. Therefore, we have
, we obtain
This metric describes nothing but a Schrödinger spacetime with
in Ref. [18] .
Non-relativistic deformation of a conformal primary
As a more non-trivial example, we consider a non-relativistic deformation of a conformal primary scalar operator in a relativistic CFT which preserve the property of the non-relativistic conformal primary condition.
Let us consider a general CFT in Section 3 and deform the conformal primary scalar
where ǫ is a real deformation parameter. Let us show that the deformed operator
is a conformal primary operator in the non-relativistic conformal algebra. The conformal
where δ conf is given by (4.3) with (4.2), and
The subalgebra with this parameter constraint is nothing but the Schrödinger algebra given in (4.5). In other words, the subalgebra commuting with the operator e 
where G (0,1) ǫ describes the 2-point function of the normalized flowed field:
In the current case, we can evaluate G (0,1) ǫ ( 0). To this end let us investigate the transformation rule of the flowed field φ ǫ (x; η) under the conformal transformation:
If we restrict the conformal transformation to the Schrödinger one, (4.37), then the terms dependent on ǫ drop out and we have (4.11) withm = 0. Since the 2-point function is invariant under the rotation parametrized by ω i+ , which is outside the Schrödinger algebra, we find
On the other hand, (4.24) gives
Therefore we obtain
Finally the induced line element is obtained as
Note that the limit ǫ → 0 yields the AdS geometry given in the previous section.
This result is in fact guaranteed by the symmetry. Let us restrict the argument of conformal symmetry in the previous section to that of the non-relativistic one. Then the normalized field σ ǫ (x; η) transforms under the Schrödinger transformation as
generates isometries of the Schrödinger spacetime as
while the extra contribution becomes
From this it follows that
Therefore, we have δ extra g AB (z) = 0, which implies δ diff S g AB (z) = 0. This shows that the resulting induced metric is invariant under the transformations forming the Schrödinger algebra, which requires the geometry to be a Schrödinger spacetime.
Mass eigenvector
Finally we consider the case where a conformal primary scalar in a non-relativistic CFT becomes a mass eigenvector such that
with a mass parameter m, and the transformation of the operator O m is given by (4.6).
Then the 2-point function of this primary operator given by (4.7) is now more constrained as [13, 17] 
with a constant C.
Smearing by the flow equation (4.8) does not break the property of the operator as an eigenvector for the mass operator, so the 2-point function of the flowed operator, which we denote by φ m , further reduces from (4.18) to 
This suggests that the induced line element (4.25) becomes
As seen from this expression, the induced metric in this case becomes complex unless G ′ m (0) vanishes. From (4.23) and (4.24) we find
In this case the induced geometry becomes real and its explicit form is given by
This is a Lifshitz geometry with Z = 2 and a straight line, which may be more easily seen
, so that
5 Holographic geometry from a Lifshitz-type scaleinvariant theory
In this section, we consider a Lifshitz-type scale-invariant field theory, which is not necessarily conformally invariant. There exists a primary scalar operator O Z (t, x), which transforms under the dilatation as
with a scaling factor Z. Using the invariance under the translation and the special rotation, the 2-point function of this scalar operator is constrained as
where f Z is a function characterized by the original theory. We assumed it to be smooth in terms of the time and invariant under the time reversal.
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A flow equation in this case should be a diffusion type and compatible with the scaling relation. We can easily find out such a flow equation as
The 2-point function of the flowed field φ Z can be written as
where we used (5.2) and set η Z+ := η By using the scaling relation (5.1) the function F Z satisfies
+ we find
from which the normalized flowed field is given by
where 0; 1, 1 ). This function G Z is constrained by the flow equation:
Non-zero components of the induced metric are calculated as
where we set η := ατ 2 with
This describes a Lifshitz geometry with a general dynamical exponent Z.
Conclusion and discussion
We have extended the construction of holographic geometries by means of the flow equation approach to non-relativistic scale invariant theories. After reviewing the construction of the AdS space by using a general CFT both in the Euclidean and the Lorentzian space, we moved on to the construction of holographic geometries of a non-relativistic CFT and a non-relativistic flow equation. As a result we have obtained a hybrid geometry of both Schrödinger and Lifshitz geometries as a general holographic space-time in this framework.
Applying this result to specific non-relativistic models, we have reproduced Schrödinger geometries with Z = 2 and 0, and a Lifshitz one with Z = 2. We have also reproduced a Lifshitz geometry with a general dynamical exponent by smearing an operator of a Lifshitz theory with a suitable modification of the flow equation.
It would be an interesting problem to realize the seemingly new geometry we called the NR Hybrid geometry in Section 4.1 as a solution of a certain bulk theory. The corresponding bulk theory may be a certain Einstein-Maxwell-Higgs theory with specific interaction terms, because Lifshitz and Schrödinger geometries are known to be realized as solutions thereof (see [31] for a review and references therein).
Although the flow field approach seems to provide new perspective to investigate the holography, there are still gaps to fill in between them. One of them is the relationship between flowed operators in a CFT and bulk operators appearing in the standard AdS/CFT correspondence. It may be clear that they are conceptually different, because the 2-point function of a flowed operator does not have contact singularity, while that of a bulk local field has. Indeed there is a standard construction of bulk operators from a Lorentzian CFT known as the HKLL construction [32] , where bulk operators are obtained by convoluting CFT operators with a certain smearing function. Their striking result is that such a smearing is done over the causally disconnected region to obtain a bulk operator in even dimensional Poincare AdS, while smearing is done all over the region for odd dimensional one. In Section 3.2 and appendix B we smeared a CFT primary operator in Lorentzian flows. In both cases smearing region is basically done all over the space. It is important to understand how smearing encodes the causality in the Lorentzian space in the flow equation approach.
In relation to the above, it is also important to investigate the correspondence of excited states between the bulk and boundary in the flow field approach. There are orthodox ways to study bulk geometries corresponding to an excited state (for example [33] ), while there is a proposal how to compute a back-reacted geometry by an excited state in the flow field approach [34] . It is intriguing to see whether a resulting induced geometry have desired properties and match one constructed by a different approach.
We hope to come back to these issues in the near future.
A Conformal, Schrödinger and Lifshitz algebras
In this appendix we shall describe how the Schrödinger and Lifshitz algebras are embedded into the conformal algebra so(2, D), and present the transformation laws under the Schrödinger and Lifshitz symmetries.
Conformal algebra so(2, D)
Let us begin with a conformal algebra so(2, D) in D dimensional Minkowski spacetime, which is generated by anti-symmetric matrices M AB satisfying
Here the indices are the metric components are given by
In the following, it is helpful to introduce the light-cone coordinates:
Then the components of M AB can be presented in terms of the conformal basis P µ (translation), M µν (Lorentz rotation), D (dilatation) and K µ (special conformal) as follows:
Now the commutation relation in (A.1) can be decomposed into the following standard form:
Schrödinger algebra from so(2, D)
To see the Schrödinger algebra as a subalgebra of so(2, D) , it is useful to introduce another couple of the light-cone coordinates x ± with x 0 and x D−1 :
Then the generators of so(2, D) can be displayed as
It is significant to notice that one can find out a subalgebra by droping the generators M i+ , K i and K + . By introduing the following notation
the subalgebra is given by 11) and the other commutation relations vanish. This is nothing but the Schrödinger algebra 11 .
This algebra is composed of H (time translation),
As one can notice from the commutation relations in (A.11), the scale transformation associated with D is anisotropic like
11 This is the Schrödinger algebra with the dynamical critical exponent z c = 2 . One may consider an arbitrary value of z c . But except z c = 2 (and 1), the special conformal generator K must be excluded so as to close the algebra.
This is a charactersitic of the Schrödinger algebra.
Lifshitz algebra from Schrödinger algebra
The Lifshitz algebra is embedded as a subalgebra of the Schrödinger algebra when the dynamical exponent is two. This embedding can be seen by dropping off the generators G i , K and M from the Schrödinger algebra (A.11). The resulting commutation relations are given by
In total, this algebra is composed of H (time translation), P i (spatial translation), M ij (spatial rotation) and D (anisotropic dilatation). To recover the algebra with an arbitrary value of the dynamical exponent Z, the commutation relation involving the dilatation and
Hamiltonian should be modified as
(A.14)
B Lorentz non-invariant flow equation
In this appendix we present a different method to flow a primary operator in Lorentzian CFT. Although this approach breaks the manifest Lorentz invariance, it has a virtue to obtain a well-defined flowed operator in the Lorentzian space.
The method is to introduce another flow parameter η t specially for the time direction as follows.
If the flow parameters are in the region that
then the flow equation has a well-defined solution By using this the induced metric is computed as . Using these relations we obtain the induced line element as
where we set τ 2 = 2Dη. This is the Lorentzian AdS metric.
C Transformation of the flowed field
C.1 Useful formulas
We here collect some useful formulas to calculate transformation properties of the flowed field. 
C.2 General transformation properties
Under the conformal transformation, the general flowed field φ ǫ,m (x; η) transforms as 
